We show that the timed Dicke states of a collection of three-level atoms can form a tight-binding lattice in the momentum space. This lattice, coined the superradiance lattice (SL), can be constructed based on an electromagnetically induced transparency (EIT) system. For a one-dimensional SL, we need the coupling field of the EIT system to be a standing wave. The detuning between the two components of the standing wave introduces an effective electric field. The quantum behaviours of electrons in lattices, such as Bloch oscillations, Wannier-Stark ladders, Bloch band collapsing and dynamic localization can be observed in the SL. The SL can be extended to two, three and even higher dimensions where no analogous real space lattices exist and new physics are waiting to be explored. [25, 26] . Nevertheless, these phenomena are mostly based on optical lattices and their observations remain challenging. Novel types of lattices are therefore desirable to provide new testing grounds for the rich physics mentioned above.
We show that the timed Dicke states of a collection of three-level atoms can form a tight-binding lattice in the momentum space. This lattice, coined the superradiance lattice (SL), can be constructed based on an electromagnetically induced transparency (EIT) system. For a one-dimensional SL, we need the coupling field of the EIT system to be a standing wave. The detuning between the two components of the standing wave introduces an effective electric field. The quantum behaviours of electrons in lattices, such as Bloch oscillations, Wannier-Stark ladders, Bloch band collapsing and dynamic localization can be observed in the SL. The SL can be extended to two, three and even higher dimensions where no analogous real space lattices exist and new physics are waiting to be explored. Introduction.-From the early days of quantum mechanics, periodic lattice has been a platform for versatile quantum phenomena of electrons, such as Bloch oscillations [1, 2] , Wannier-Stark ladders [3] , and dynamic localization [4, 5] among many others. Although the fast dissipations prevent these phenomena from being observed in crystalline solids (except in superlattices [6, 7] ), the development in optical lattice enables the observation of Bloch oscillations [8] and Wannier-Stark ladder [9] for cold atoms. The evidence of dynamic localization and Bloch band collapsing [10] under periodic forces were also observed in optical lattices [11] and photonic structures [12] . This Floquet dynamics becomes a hot topic recently because of its various applications in quantum phase transitions [13] [14] [15] [16] , Majorana fermions [17, 18] , topological insulators [19] [20] [21] , artificial gauge potentials [22] [23] [24] and edge states [25, 26] . Nevertheless, these phenomena are mostly based on optical lattices and their observations remain challenging. Novel types of lattices are therefore desirable to provide new testing grounds for the rich physics mentioned above.
In this Letter, we introduce the concept of superradiance lattice (SL), a lattice in the momentum space. The conventional lattice has discrete translational symmetry in the position space. The tight-binding model which allows electron hopping between nearest neighbours is diagonal in the momentum space. The crystal momentum k is a good quantum number to label each eigenstate. Recently, new types of crystals in time domain [27] [28] [29] and in phase space [30] attracted a lot of interest. The SL corresponds to a tight-binding model in the momentum space which has good quantum numbers r in the position space. The dynamics of r in the SL is analogous to the dynamics of k in the real space lattice. We show that the Bloch oscillations, Wannier Stark ladders and Bloch band collapsing can be observed based on an electromagnetically induced transparency (EIT) system.
The momentum transfer between a single two-level atom and a standing wave light is quantized. The states of the atom with quantized recoil momenta thus have discrete translational symmetry in the momentum space. To inhibit the recoil motions, we can use fixed three-level systems in solids, which effectively have infinite mass thanks to the Mössbauer effect [31] . The phase correlations of the timed Dicke states, rather than the recoil momentum of single atoms, set the lattice points in the momentum space. 0D Dicke spinor.-A collection of N two-level atoms coupled by a single electromagnetic (EM) mode is described by the Dicke model [32] . If the atoms are randomly distributed in an area much larger than the wavelength, the first excited state which is the so-called timed Dicke state [33] can record the momentum of the photon via phase correlations between excited atoms,
Here k p is the wave vector of the photon, r q is the position of the qth atom, and |E q ≡ |g 1 , g 2 , ..., e q ..., g N , where g q (or e q ) means that the qth atom is in the state |g (or |e ). The atomic levels are shown in the inset of Fig. 1 (a) . Now we apply another EM plane wave mode k 1 that couples |e to a metastable state |m via the interaction Hamiltonian (under the rotating wave approximation) H I = N q=1 t 1 a 1 e ik1·rq |e q m q | + h.c., where a 1 is the annihilation operator of mode k 1 , t 1 is the vacuum coupling strength and is assumed to be real for simplicity. Then |e kp , n 1 is coupled to |m kp−k1 , n 1 + 1 where n 1 is the photon number of mode k 1 , and |m kp−k1 is defined by replacing e (E) with m (M ) in Eq. (1). The coupling strength t 1 √ n 1 + 1 is the Rabi splitting between |e kp , n 1 and |m kp−k1 , n 1 + 1 . This splitting is independent of the atom number N . The two-states |e kp , n 1 and |m kp−k1 , n 1 + 1 forms a zero-dimensional (0D) twocomponent Dicke spinor.
1D bipartite SL.-By introducing a second mode k 2 = −k 1 , the interaction Hamiltonian
extends the 0D Dicke spinor to a 1D bipartite SL, as shown in Fig. 1 (a). The state |e kp , n 1 , n 2 can be coupled either by mode k 1 to |m kp−k1 , n 1 + 1, n 2 with coupling strength t 1 √ n 1 + 1, or by mode k 2 to |m kp+k1 , n 1 , n 2 + 1 with coupling strength t 2 √ n 2 + 1, as shown in Fig. 1 (b) . The coupling strengths are site-dependent. However, if the two fields are in coherent states with large average photon numbers n i ≫ 1 (i = 1, 2), the coupling strengths are approximately constant Ω i = t i n i . We can rewrite the single excitation interaction Hamiltonian of Eq. (2) in the tightbinding form,
where we have defined the creation operatorŝ
with |G ≡ |g 1 , g 2 , ..., g N the ground state and the superradiant states |e kp+jk1 =ê † j |G . The tight-binding model in momentum space is diagonal in its reciprocal position space. For simplicity, we let The DOS of the SL (black solid) and the standing wave coupled EIT absorption spectrum (red dash). Here ǫmax = 2Ω1 and the EIT decoherence rate is γ = 0.06Ω1. Assuming that each eigenstate has a finite life time, the DOS is Lorentzian broadened with width 0.01ǫmax to fit with the EIT absorption spectrum. The two lines overlap except at the zero energy point, where the absorption is zero due to EIT effect.
as shown in Fig. 2 (a). The energy band is directly shown by the interference pattern of the coupling standing wave.
Detection by the standing wave coupled EIT.-Levels |e and |m are resonantly coupled by EM modes k 1 and k 2 . A weak field k p (in the single photon limit) which probes the transition from the ground state |g to level |e should create excitations in the 1D SL. The density of states (DOS) of the SL, D(ǫ) = N/π ǫ 2 max − ǫ 2 with ǫ max = 2 Ω 1 , can therefore be tested by the absorption spectrum of k p , which on the other hand can be got from the imaginary part of the EIT susceptibility,
Here N is the atomic numbers in the volume k −3 p , γ is the decoherence rate between |e and |g , ∆ p = ω eg − ν p is the detuning of the probe field, and we have assumed the decoherence rate between |g and |m is zero.
The absorption in Eq. (6) is periodic in space. The total absorption spectrum can be got by averaging Eq. (6) over one period,
In Fig. 2 , we plotted the density of states D and the absorption spectrum A. Their overlap demonstrates the equivalence between the 1D SL and the standing wave coupled EIT. The major difference is that the absorption spectrum A has a transparency point at zero detuning due to the EIT effect. Effective electric field in the momentum space.-An effective electric field should introduce a potential linear with the momenta of the sites in an SL. From 
(b)
, we see that the superradiant states are attached with photon numbers that are linear with the momenta. We therefore can introduce an effective electric field by changing the energy of the photons of the two modes. The unperturbed Hamiltonian is
where ω i (i = e, m) is the atomic eigenenergy and ν i (i = 1, 2) is the angular frequency of the fields. The energy difference between |e kp , n 1 , n 2 and |m kp−k1 , n 1 + 1, n 2 is δ 1 = ω em − ν 1 where ω em = ω e − ω m , and the energy difference between |e kp , n 1 , n 2 and |m kp+k1 , n 1 , n 2 + 1 is δ 2 = ω em − ν 2 . The quantity δ 0 = ω em − 1 2 (ν 1 + ν 2 ) is the energy difference between the two sublattices of |e and |m . The detuning between two fields 2δ = ν 1 − ν 2 gives the energy gradient of an effective electric field in the SL,
where q is the effective charge.k 1 is the unit vector along k 1 . Therefore, the effective Hamiltonian is
+ Ω 1ê † 2jm 2j−1 + Ω 2m † 2j+1ê 2j + h.c. . 
It is easy to understand this equation in real space. The detuning of the two counter-propagating plane wave fields leads to a moving standing wave with velocity δ k1k 1 .
By adiabatic following, the point r will move with the velocity in Eq. (11) . After time T = π/δ, the standing wave moves a period λ 1 /2 = π/k 1 and the system recovers its original state, which is the Bloch oscillation in the SL. Bloch band collapsing.
-If the effective electric field is periodic in time, the band collapsing may occur [5, 10, 34] . We make the frequencies of the two fields timedependent, ν i + ∆ i cos ν d t (i = 1, 2), which introduces an oscillating effective electric field in the SL. In particular for δ 1 = −δ 2 = nν d with integer n and ∆ 2 = −∆ 1 , the excitation in the SL is driven by an effective electric field E = E s + E d cos ν d t with static component E s = −n ν d /qk 1 and dynamic component E d = ∆ 1 /qk 1 . The quasienergy band is [34] 
where J n (f ) is the nth order Bessel function of the first kind and f = ∆ 1 /ν d . One interesting feature of this Floquet quasienergy band is that it collapses at the zeros of J n (f ). Figure 3 (a) and (b) show the EIT absorption spectrum associated with the quasienergy bands for n = 0 (detailed calculations are in the Supplementary Material). At f = 0, the absorption spectrum has a broad DOS of a bipartite lattice. Increasing f leads to a narrower energy band following J 0 (f ) and finally the energy band collapses at f = 2.4, where a strong absorption peak appears at the zero detuning. The separation between the Floquet energy bands ν d = 2Ω 1 is large and the interaction between the states from different bands is weak. Therefore, most of the upper and lower Floquet bands are not visible. However, near the band collapsing points f = 2.4, the two Floquet sidebands is vaguely visible due to the large DOS. This band collapse effect has important consequence in control of atoms in real and momentum spaces. In the real space, the atoms at different positions recover their original transition frequency, although the standing wave breaks the continuous translational sym-metry. In the momentum space, the timed Dicke states have zero group velocity in a flat band, which leads to the dynamic localization in momentum space.
The Wannier-Stark ladder appears if the field has a static part. In Fig. 3 (c) and (d) , we plot the absorption spectra for n = 1. If f = 0, the field is purely static, and there are only three peaks at ∆ p = 0, ±2ν d . Although the Wannier-Stark ladder spacing is ν d , only the points on the sublattice of |e can be excited, and then the spacing becomes 2ν d . The localized |m k states are dark states because there is no direct coupling between |g and |m and the indirect coupling is suppressed by the large energy difference between different sites. As f increases, we observe energy bands following Eq. (12) with n = 1. The bands collapse at the zero points of J 1 (f ), f = 3.8 and 7.0. These results are consistent with the results of electrons [35, 36] . The band collapsing for some other cases are discussed in the Supplementary Material.
Discussion.-The 1D SL is closely related to the electromagnetically induced grating (EIG) [37] where the nth order diffraction is emitted by the superradiant excitation |e kp+nk1 , which has been experimentally observed [38, 39] . Even the SL Wannier-Stark ladder has also been experimentally observed [40] . Although the experiment was explained by bichromatic EIT, it is equivalent to an SL in a static effective electric field. The dynamic localization can also be observed via similar experimental set up by periodically modulating the coupling field frequencies.
The SL can also be realized in cold atoms if the Doppler shift due to the recoil is much smaller than the coupling field Rabi frequency (see Supplementary Material). For example, we can choose 85 Rb D1 line with |g = |5 2 S 1/2 , F = 2 , |e = |5 2 P 1/2 , F = 2 and |m = |5 2 S 1/2 , F = 3 . The decay rate γ = 2π × 5.75MHz. For the parameters in Fig.3 , the Rabi frequency Ω 1 = 6γ = 2π ×34.5MHz (intensity 0.43W/cm 2 ) is much larger than the Doppler shift 2π×7.4kHz. The modulation frequency ν d = 12γ = 2π × 69MHz and the modulation amplitude ∆ 1,2 should be in the range 0 ∼ 400MHz. The thermal motions of the atoms induce random electric fields. In the µK regime, this random motion brings energy shift ∼kHz, which is much smaller than the effective electric potential energy ∼MHz. The band collapsing can be directly observed through the absorption spectra.
The applications of SL's are promising. The transport of the superradiant excitations in SL's can be used to reflect high-frequency light (for example, x-ray or ultraviolet) with low-frequency light (visible light or infrared) [41] . The coupling strength between the lattice point is tunable, which allows us to prepare a superposition of two timed Dicke states that are far apart in the momentum space for Heisenberg limit metrology [42] . . The 1D superradiance chain can be extended to a 2D honeycomb lattice by introducing three-mode coupling field with wave vectors
). Similarly, four-mode coupling field can construct diamond-structure tight-binding model. A particular interesting subject to be investigated in the future is the tight-binding SL in dimensions higher than three when the number of the coupling fields is more than four. Since real-space tight-binding models have at most three-dimensions, a wealth of new physics may emerge from the extra dimensions of SL. Another convenient advantage of the SL is that the energy band is directly determined by the interference pattern of the multi-mode coupling fields. The energy bands and the Berry phases can be directly imaged in the real space. This provides connection between the Berry phases and the optical currents [43] . A lot of interesting phenomena, such as the overlapping of EIT point and Dirac point in graphene, Berry phases, artificial gauge field, monopoles and momentum space quasicrystals will be discussed elsewhere.
In conclusion, we proposed the concept of superradiance lattices based on a standing wave coupled EIT system. An effective electric field can be introduced by the detuning between the two components of the standing wave. The Wannier-Stark ladder and the Bloch band collapsing can be observed from the absorption spectra of the probe field. The dynamic localization can be observed from the disappearance of the various diffraction orders in an EIG scheme. By introducing more EM modes, this lattice can be extended to higher dimensions where many interesting physics can be studied.
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